Rigid ellipsoidal inclusions were used to model composite particles with geometries other than spherical or cylindrical, when the material is subjected to dynamic loading. Based on the scattering theory of stress waves, a direct method was developed, by which the dynamic moduli of the composite can be assessed. By changing the aspect ratio of an ellipsoid, several types of real filler particles, such as particulates, platelets, and short fibers can be simulated. Such particular cases, along with the case of random orientation of the particles, are treated in the present paper, and their special characteristics are discussed and analyzed.
INTRODUCTION
Among the methods developed for the determination of the mechanical properties of composites in terms of the respective properties of the constituent materials and the way of their combination, the so-called "direct" methods constitute a main group III, the other class being concerned with the application of variational methods 111. Direct methods are based on the stress and displacement fields developing in and around inclusions at a micromechanical level. Such a method has been applied to dynamic problems by using the scattering theory of stress waves with cylindrical and spherical inclusions to determine eventually the dynamic moduli
THEORETICAL STUDY

Modelling of the Composite System
The development of a suitable model is inevitably based on a number of simplifying assumptions, usually associated with exact procedures. In the present paper the following assumptions have been made: a. standard geometrical form for all particles, irrespective of size and orientation; b. small particle size and interparticle distance as compared with the incident wave length; c. low volume fraction of particles to exclude It consists of a large number of ellipsoidal particles, each one surrounded by a spherical shell of matrix material, sufficient to ensure constant volume fraction of particles for all composite cells. The characteristic radius a, i.e., the radius of the smallest sphere including the particle, corresponds to one-half of its length. In this section particles are considered to have a unidirectional orientation whereas in Section 5 randomly oriented reinforcing particles are examined.
General Theory
Consider a rigid inclusion with density p ; and characteristic radius a embedded in an infinitely extended elastic matrix with density ρ and Lame constants λ and μ (see Fig. 2a ). When a plane elastic wave, either shear or compressional, impinges on the inclusion, two reflected waves are set up in the matrix.
The dynamic strain field on the surface of the scatterer is zero. Here, the important quantities are the scattering amplitudes and the energy scattering cross-section 161.
The scattering amplitude g(r,k) corresponds to the scattered energy along the radial direction r when the wave propagates along the k-direction. The energy scattering cross-section is defined as the ratio of the time average rate (over one period), at which energy is scattered by the particle to the corresponding time average rate, at which the energy of the incident wave crosses a unit area normal to the direction of propagation. The scattering cross-section is a measure of the disturbance caused by the scatterer to the incident wave. 
is the time average rate at which the incident Ρ and S waves respectively cross a unit area normal to the direction of propagation k. Further, ω is wave frequency, Kj wave numbers, c ; phase velocities for the two elastic waves propagated and ρ is the density of the matrix material.
Normalization of the energy scattering cross-section by dividing with the surface S ei) of a sphere or of an equivalent surface enveloping the scatterer yields: 
Since the equivalence of the two energy fluxes stands for the boundary surface S ecj enveloping the scatterer at a far distance, one can assume that
By using Eq. (2) and the above assumption, Eq. (7) 
and for the matrix material of the composite
it is easy to yield Eqs. 12 where σ' , e" are the energy scattering cross-section and -> c = (X + 2 u)/o Ulb) the scattered energy respectively per unit surface of the Ρ μ> sphere, which includes the particle of the composite material.
The right-hand side of Eq. (5) is the sum of the incident and scattered energy that passes over a unit ^m/g (12) surface area normal to the direction of propagation. where p, pj are the densities of matrix and inclusion respectively, and ν is the volume fraction of the particle. Based on the above, the following expressions for the dynamic moduli of the composite are finally derived:
Dynamic Properties of Ellipsoidal-Particle Composites
Ellipsoidal Inclusions
Since ellipsoids do not possess spherical symmetry, composites with unidirectional ellipsoidal inclusions exhibit anisotropic behaviour and the energy scattering cross-section assumes the form /8/ From Eqs. (17) one may notice that if the energy scattering cross-section is frequency-dependent, the dynamic properties of the composite are frequencydependent as well.
By evaluation of the quantities, A, B, C, one can derive from Eqs. (14) through (17) the dynamic moduli of the composites.
PARTICULAR CASES
In this section the dynamic moduli of composites with rigid spherical, ellipsoidal, and spheroidal inclusions are derived, based on the solution of the corresponding scattering problems /8/, from which the energy scattering cross-section for the respective case has been used.
where i n and b n are the directional cosines of the polarization vectors k and b, respectively,
and
where a n are the three semi-axes of the ellipsoidal inclusion with c*[ > a 2 > a 3 .
The four elliptic integrals I D and I n assume the form (see Appendix 1): whose range of values can be found in the literature 191. Hence:
The quantities f, g, h have the form
Spherical Inclusions
In the case of spherical inclusions, all three semi-axes are equal, i.e., = a 2 = a 3 = a, so that the four elliptic integrals I D I n , n= 1,2,3 become 191 (37) I" = θα 3 )" 1 and the corresponding energy scattering cross-section for s and ρ waves is
where a is the radius of the spherical inclusion and 
Therefore, quantities A and Β assume the form:
Composites with spherical inclusions are obviously isotropic, since the scattered energy is the same in all directions.
Needle-like Inclusions
Needle-like inclusions, simulated by ellipsoids with a, > > a 2 = a 3 are most suitable for the modelling of short-fibre composites, especially in view of the fact that the problem of the finite-length cylinder cannot be solved by the scattering theory. However, one cannot use the characteristic radius a of the smallest sphere including the particle, since, in that case, one is restricted to extremely low filler volume fractions. Therefore, one has to consider that the energy is distributed over the surface of a cylinder including the particle and having a ratio of length over diameter equal to α^/α^. 
PARAMETRIC STUDY
In Sections 2 and 3 equations were derived for the theoretical prediction of the elastic moduli of the composite in terms of the properties of its constituent materials and the volume fraction of the filler. These expressions are valid for low values of the latter.
Since in the present work filler particles are considered to be rigid, the term "properties" is applied for the properties (ι>,μ,ρ) of the matrix, for the density pj of the particle and the orientation of it. All diagrams show the theoretical variation of the relative elastic shear μ* Iμ or bulk k*/k modulus versus the filler volume fraction ν and for the various density ratios pj/p, Poisson's ratios ν of the matrix and different orientations of the inclusion. By Xi/Xj (i,j = 1,2,3), a wave propagating in the Xi direction and polarized in the Xj direction is denoted.
Spherical Particles
Spherical inclusions exhibit an isotropic behaviour. In Figs. 3a and 3b the effect of p-Jp is represented for ν = 0.4. There is a considerable effect of p-Jp on μ Iμ and k*/k, which both increase with increasing particle volume fraction. Also the increase of μ*Ιμ is higher than that of k*/k for the same ν and p-Jp. In Figs. 4a and 4b the effect of ν is represented for pjp= 8. There is hardly any effect on μ*Iμ and k*/k which still increase with increasing particle volume fraction. Also as ν increases, μ*/μ increases too, whereas k*/k decreases, for ν remaining constant.
Ellipsoidal Particles
Since ellipsoidal particles exhibit an anisotropic behaviour, the effect of their orientation is examined in addition to the effect of p-Jp and i>. Theoretical results
Fig. 3:
Theoretical prediction of the dynamic properties of a spherical particle composite for various density ratios and ν = 0.4: (a) shear modulus, (b) bulk modulus. In Figs. 5a and 5b the effect of particle orientation is presented for ν = 0.4 and pjp = 8. The above effect appears to be negligible on μ*/μ and k*/k, which both increase with increasing particle volume fraction; a good reason is that Sj = 0.911 and s 2 = 0.766, which means that the ellipsoid resembles a "flattened" sphere or a platelet. For s l and/or s 2 < < 1, particle orientation plays a significant role as can be seen in the case of a needle (S] = s 2 < < 1).
In Figs. 6a and 6b the effect of pjp is presented for ν = 0.4 and an XI/X2 wave. Again there is a considerable effect of pjp on μ*/μ and k*/k, both increasing as ν increases.
In Figs. 7a and 7b the effect of ν is represented for p jp = 8 and an XI1X2 wave. There is hardly any effect of ν on μ*/μ and k*/k.
Generally, the dynamic moduli of the ellipsoidalparticle composites are higher as compared to the spherical-particle composites, depending obviously on the particle orientation of the former.
Needle-like Particles
Needle-like particles exhibit strongly anisotropic behaviour. Particle orientation is of great importance for the dynamic moduli μ*/μ and k*/k. Theoretical results were evaluated for typical needle-like inclusions having a ratio s = 40 and retaining uniform orientation in the composite material.
As can be seen in Figs. 8a and 8b, μ*/μ is almost twice as much for either an XI/X3 or an X2/X3 wave than for an X3/X1 wave. In addition, the relative shear modulus is highly increased. The effect of pjp is also presented in the above figures.
In Figs. 9a and 9b the effect of Poisson's ratio of the matrix on the relative shear modulus is demonstrated. Again, the inclusion orientation plays a significant role, not only on the relative shear modulus, but also on the effect of Poisson's ratio on the relative modulus as well.
In Fig. 10 the importance of particle orientation on the bulk modulus as well is demonstrated. Nevertheless, an "inverse" behaviour exists: the particle orientation for which shear modulus assumes a maximum value renders the bulk modulus minimum and vice versa. This
Dynamic Properties of Ellipsoidal-Particle Composites
happens for an X3/X2 or an X2/X3 and an X3/X1 wave, respectively.
Both shear and bulk moduli increase as the filler volume fraction increases.
Generally, dynamic moduli for needle-like particle composites are higher as compared to ellipsoidal-particle ones and obviously much higher as compared to spherical-particle composites.
RANDOMLY ORIENTED REINFORCING PARTICLES
Consider a plate of a composite with random orientation of the reinforcing particles in a way that the X3 axis of each individual particle remains normal to the plane of the plate and the XI direction of all particles sweeps in a continuous fashion the region 0-2ir, as shown in Fig. 11a .
Under the above assumptions the plate of the composite is regarded as a laminate, i.e., as a superposition of L orthotopic laminae, with their principal axes XI orientated at an angle φ to the χ axis of the standard frame of reference xyz of the composite plate of Figs. 11a and lib. Each one of the orthotopic laminae is identical to the others, their only difference being their orientation. They all have uniform thickness h and particle volume fraction v. The resulting laminate has a thickness Η = Lh and obviously the same volume fraction v.
The following analysis is based on the fact that, if a shear deformation is applied on the plate, each lamina must have exactly the same shear deformation in a manner that all laminae together behave as a continuous body. In order that no torsion and/or bending occurs, the laminate consists of a great number of randomly stacked laminae, i.e., L is sufficiently great.
Application of a uniform shear strain γ ν " on each Theoretical prediction of the dynamic properties of an ellipsoidal particle composite for various orientations of the inclusion: (a) shear modulus, (b) bulk modulus. where μ* is the dynamic shear modulus of the plate.
In Section 3, μ*{φ) was evaluated for the case of needle-like particles. Since for engineering applications the above types of particles are more commonly used,
i.e., in the form of short fibres, evaluation of Eq. (58) for needle-like inclusions yields (see Appendix 2)
is the total shear force over the unit length of cross- 
REVIEW OF WORK AND CONCLUSIONS
The problem of dynamic behaviour of particle composites was examined. A "direct" theoretical determination of the dynamic moduli of the composite was attempted, based on the low-frequency scattering theory of elastic waves. The results are generally valid for low volume fraction of particles and for long wave lengths, as compared to the characteristic diameter of the particles and interparticle distances. Also, perfect adhesion at the matrix/particle interface was assumed.
The general conclusions can be summarized as follows:
1. The dynamic properties of elastic composites are generally frequency-dependent, since they depend on the energy scattering cross-section, i.e., on a frequency-dependent parameter.
2. The dynamic moduli of composites with rigid particles are not frequency-dependent, since the leading low-frequency term of the scattering crosssection for a rigid scatterer is independent of the wave number.
3. The theory developed applies for the region where the wave length of the incident wave is much greater than the diameter of the spherical inclusion; therefore the product ka must assume values much smaller than unity (Κα < < 1). The theoretical expressions are generally valid for low filler concentrations. It is assumed that there is no interaction between any two neighbouring spherical inclusions, i.e., that the sphere encloses the scatterer at a region of radiation. This assumption is true for low filler concentrations, i.e., for ν < 30%. The reason is that for low frequencies, the radiation region exists /10/ at a distance s, taken from the center of the scatterer, of s = d 2 /X, where d is the characteristic diameter of the scatterer and X is the wave length. The above are true for scattering problems of low frequency, i.e., for Κα < < 1. Since spherical inclusions in conventional composites have radii of about 10" 4 m, it is obvious that for frequencies of up to 10,000 Hz, the assumption of "low frequencies" is safely applied. For values of filler volume fractions above 30% there is a considerable interaction between neighbouring particles that cannot be neglected.
4. For the general case of composites with rigid ellipsoidal inclusions, the first approximation of the scattering cross-section for longitudinal and for transverse incidence is independent of the wave number K. Besides the components of the polarization vectors k and b only differ by a factor τ. This implies that, as far as the first lowfrequency approximation is concerned, a rigid ellipsoidal scatters more energy from a transverse rather than from a longitudinal incident wave, and this difference increases with the difference of the two phase velocities. 
